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A bst ract

Most models of utility elicitation in decision sup-

port and interactive optimization assume a pre-

defined set of “catalog” features over which user

preferences are expressed. However, users may

differ in the features over which they are most

comfortable expressing their preferences. In this

work we consider the problem of feature elicita-

tion: a user’s utility function is expressed us-

ing features whose definitions (in terms of “cat-

alog” features) are unknown. We cast this as a

problem of concept learning, but whose goal is

to identify only enough about the concept to en-

able a good decision to be recommended. We

describe computational procedures for identify-

ing optimal alternatives w.r.t. minimax regret in

the presence of concept uncertainty; and describe

several heuristic query strategies that focus on

reduction of relevant concept uncertainty.

1. I nt roduct ion

Many decision support set t ings are designed to help
users e! ect ively explore a space of possible alterna-
t ives (products, system conÞgurat ions, plans, etc.) to
Þnd one that is opt imal (or at least acceptable) with
respect to the userÕs preferences. The ability to tailor
recommendat ions to the needs and desires of part ic-
ular users requires the incorporat ion of preference or
utility elicitation into the navigat ion process. Con-
siderable work in AI, decision analysis and operat ions
research has been devoted to e! ect ive means of elicit -
ing preferences [4, 5, 7, 19]; much of this work can be
viewed as a form of interactive optimization.

Typical frameworks for preference elicitat ion assume
that user preferences are speciÞed over a predeÞned
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set of at t ributes. For instance, in consumer prod-
uct conÞgurat ionÑ say, choice of an automobileÑ
preferencesareassumed to bedeÞned in termsof prod-
uct features and speciÞcat ions (e.g., color, engine size,
fuel economy, available opt ions, etc.). We refer to such
ÒuniversalÓat t ributes in a speciÞc domain as the cat-
alog features.1 However, just as preferences can vary
signiÞcant ly from user to user, so too can the features
over which their preferences are most naturally ex-
pressed. For example, some users may be concerned
about the Òdegree of safetyÓ of a car, but di! erent
users may have di! erent not ions of safety in mind,
none of which are catalog features. Furthermore, the
user-speciÞc subjectivity of safety prevents one from
adding a new feature to the catalog.

In this paper, we develop a framework for elicit ing sub-
jective features in interact iveopt imizat ion. Weassume
that subject ive features can be deÞned in terms of the
set of catalog features and that preferences are deÞned
over both catalog and subject ive features. As such,
learning subject ive feature deÞnit ions can be cast as a
concept learning problem [1, 12, 13]. However, unlike
t radit ional concept learning, our aim is not to learn
the concept deÞnit ion per se; rather we want to learn
just enough about it to make a good or opt imal de-
cision on the userÕs behalf. To illust rate, suppose we
haveposit iveand negat iveexamplesof safecars, which
const rain but do not fully specify (subject ive) safety:
as a result , only certain cars are consistent with possi-
ble realizat ions of the deÞnit ion of safety. Other user
preference informat ion (e.g., ut ility t radeo! s between
safety, performance and cost ) may render any Òsafety
consistentÓcar so undesirable that we will not recom-
mend a safe car no mat ter how the concept deÞnit ion
is realized. Further elicitat ion (i.e., reÞnement of the
version space) is therefore useless.

Our focus in this paper is on feature elicitat ion. We
develop a framework in which other aspects of a userÕs

1This is meant merely to be evocative of a product cat-
alog; we do not assume that an explicit catalog exists.
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ut ility funct ion are known and only the feature deÞ-
nit ion is unspeciÞed. We use minimax regret [4, 20]
as our decision criterion given concept uncertainty, al-
lowing good or opt imal decisions to be made without
complete feature speciÞcat ion. We describe an inte-
ger program formulat ion for computat ion of minimax
regret in the case of conjunct ive concepts. We also
present several heurist ic techniques for querying con-
cept deÞnit ions that reduce minimax regret quickly.
In cont rast to standard concept learning models, we
aim to reduce ÒrelevantÓ concept uncertainty w.r.t .
the ut ility model, rather than learn an accurate con-
cept deÞnit ion for its own sake. While simultaneously
querying users about both ut ility and feature deÞni-
t ions is important , in this work we focus on feature
elicitat ion itself (however, we brießy discuss an exten-
sion of our model to the simultaneous case).

2. Regret -based Opt imizat ion and
Elici t at ion

We assume a decision support task in which our sys-
tem is charged with recommending an outcome to a
user from some feasible set ; for concreteness, we will
will use terminology associated with consumer product
conÞgurat ion, but our model applies to any mult iat -
t ribute decision domain with const raints on feasible
outcomes. Products are characterized by a set of at -
t ributes X = { X1, ...Xn} , each with Þnite domains
Dom(Xi). Let X ! Dom(X ) denote the set of feasi-
ble configurations. For instance, at t ributes may corre-
spond to the catalog features of various cars (engine
size, fuel economy, cargo capacity, etc.) with X de-
Þned by const raints on at t ribute combinat ions, or an
explicit database of feasible conÞgurat ions. The user
has a utility function u : Dom(X ) " R, typically pa-
rameterized compact ly (e.g, using linear, addit ive or
generalized addit ive form [6, 10, 16]). Theprecise form
of u is not crit ical, only that u(x ; w) is linear in the
parameters (or weights) w.

Our system does not have direct access to the userÕs
ut ility parameters w; but elicitat ion can be used to
reÞne its knowledge of w. However, decisions will st ill
generally be made without full knowledge of w for two
key reasons [4]. First , good or opt imal decisions can
often be made with lit t le ut ility informat ion. Second,
the value of obtaining certain ut ility informat ionÑ in
terms of its impact on decision qualityÑ is often not
worth the cost of obtaining it .

Assume a decision must be made, but the system only
knows that w # W , i.e., the userÕs ut ility funct ion lies
in some space W . We use the minimax-regret deci-
sion criterion for making decisions in the face of such

ut ility funct ion uncertainty. Minimax regret [20] has
been advocated as a means for robust opt imizat ion
in the presence of data uncertainty [17], and has more
recent ly been used for decision making with ut ility un-
certainty [4, 5, 19]. Following [4]) we have:

D eÞnit ion 1 Given utility space W , define the max
regret of x # X , the minimax regret of W and the
minimax opt imal conÞgurat ion as follows:

MR(x ; W ) = max
w∈W

max
x ′∈X

u(x ′; w) $ u(x ; w)

MMR(W ) = min
x∈X

MR(x ,W )

x∗W = argmin
x∈X

MR(x ,W )

Intuit ively, MR(x ,W ) is the worst -case loss associated
with recommending conÞgurat ion x; i.e., by assuming
an adversary will choose the userÕs ut ility funct ion w
from W to maximize the di! erence in ut ility between
the opt imal conÞgurat ion (under w) and x. The min-
imax opt imal conÞgurat ion x∗W minimizes this poten-
t ial loss. MR(x , W ) bounds the loss associated with
x, and is zero i! x is opt imal for all w # W .

Minimax regret has been applied successfully to ro-
bust opt imizat ion given ut ility uncertainty in addit ive
models [5] and generalized addit ive models [4, 6] for
decision problems involving large-scale mixed integer
programs (MIPs). While regret -opt imizat ion requires
the solut ion of a minimax problem with a quadrat ic
object ive, the applicat ion of BendersÕdecomposit ion,
const raint generat ion, and various reformulat ions ren-
ders the problem feasible, convert ing it to a (linear)
MIP [4, 5]. We will adapt these techniques below.

Minimax regret has also proven to be e! ect ive as
a means of ut ility elicitat ion [4, 5, 6]. One espe-
cially e! ect ive heurist ic st rategy is the current solu-
tion strategy, where preference queries are asked that
involve thecurrent minimax-opt imal conÞgurat ion x∗W
and/ or the adversarial conÞgurat ion (or witness). Un-
like volumetric-based approaches to elicitat ion, regret -
based elicitat ion reduces ut ility uncertainty only in the
relevant regions of ut ility space, exploit ing knowledge
of which conÞgurat ions are actually feasible. In con-
t rast to Bayesian elicitat ion [3, 7], regret models re-
quire no prior over ut ility funct ions, nor expensive,
approximate probabilist ic inference.

3. Sub ject ive Feat ure Elici t at ion

In many cases, someof theat t ributesover which a user
forms her preferences will not coincide with system
catalog features. We consider subjective features that
are Òobject ivelyÓ deÞnable using catalog at t ributes,
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but where the deÞnit ion varies from user to user.2 For
instance, the not ion of a safe car may be di! erent for a
parent with small children, a young, singleprofessional
interested in high-performance vehicles, and a family
that takes frequent t rips to the mountains. The con-
cept in quest ion, namely, safety, has personalized def-
initions. The user also has preferences for safety (as
she does for other car at t ributes) represented in the
form of a ut ility funct ion: it is both the userÕs ut ility
funct ion over this extended at t ribute space, as well as
her personal deÞnit ion of safety, that determines the
opt imal vehicle. As such, the decision support system
must engage in both preference elicitat ion and feature
elicitation to make a suitable recommendat ion.

This leads to interest ing t radeo! s in elicitat ion. One
could engage in feature elicitat ion using well-known
concept learning techniques [1, 14], and then move to
preferenceelicitat ion (e.g., using techniquesment ioned
above); but this could be wasteful. For instance, sup-
pose we learn that safety requires at t ribute Xi to be
t rue (e.g., have side airbags) but know nothing else
about the concept . If we engagedin preference elici-
tat ion simultaneously and ascertained that no cars in
the userÕs price range sat isfy XiÑ or that other more
important features must be sacriÞced to at tain XiÑ
then the full concept deÞnit ion is not needed for op-
t imal allocat ion. For similar reasons, full preference
elicitat ion followed by feature elicitat ion may be un-
desirable. This suggests that interleaved feature and
ut ility elicitat ion can be much more e! ect ive.

In this paper, we focus on the problem of feature elic-
itat ion in isolat ion, set t ing aside ut ility uncertainty.
Apart from forming the foundat ion for work on joint
ut ility and feature elicitat ion, this problem is interest -
ing in its own right , as an extension of concept / query
learning. In the remainder of this sect ion, we describe
a regret -based framework for pure feature elicitation,
assuming a known ut ility funct ion. We brießy discuss
a more general framework that incorporates both ut il-
ity and feature uncertainty in Sec. 5.

3.1. Feat ur e El ici t at ion M odel

We have features X = { X1, ...Xn} , which we take to
be Boolean for ease of exposit ion, and a feasible set
X ! Dom(X ). A known reward r(x) for each x # X
reßectsuser ut ility for x w.r.t . known product features.
The user also has preference for conÞgurat ions sat isfy-
ing some target concept c. Concept c is an unknown

2Other subjective features may not be so definable (e.g.,
visual features); for this, data-intensive collaborative filter-
ing techniques are more appropriate.

Boolean funct ion over X : c(x) = c(x1, . . . , xn).3 We
suppose that c is drawn from a part icular funct ion
class/ hypothesis space H. We treat ident iÞcat ion of
c as a problem of concept learning [1, 12, 14], with
some query set Q that can be used to reÞne the tar-
get concept . For instance, membership queries would
be quite natural (Òdo you consider the following car
to be safe?Ó).4 Finally, a known bonus p is associated
with any x s.t . c(x) holds, represent ing user ut ility for
concept sat isfact ion.

For given a target concept c and x # X , deÞne the
ut ility of x under concept c to be:

u(x ; c) = r(x) + pc(x)

(We treat c(x) as an indicator funct ion for concept
sat isfact ion). In other words, the ut ility of x is its
reward, plus the bonus p if x sat isÞes c. The opt imal
conÞgurat ion is x∗ = argmax u(x ; c).

3.2. M inimax R egr et over Concept s

If we do not know the target concept , we cannot gener-
ally ident ify x∗; but we can st ill make a decision with
part ial concept informat ion. Let version space V ! H
represent our current set of consistent hypotheses [18].
We deÞne minimax regret w.r.t . feature uncertainty:

D eÞnit ion 2 Given version space V , the max regret
of x # X , the minimax regret of V and the minimax
opt imal conÞgurat ion are:

MR(x ; V ) = max
c∈V

max
x ′∈X

u(x ′; c) $ u(x ; c) (1)

MMR(V ) = min
x∈X

MR(x , V ) (2)

x∗V = arg min
x∈X

MR(x , V ) (3)

This provides a simple model of subject ive feature
uncertainty that abst racts away ut ility uncertainty.
An adversary can cause us to regret recommenda-
t ion x through suitable choice of concept c # V . I f
MMR(V ) = 0, then x∗V is opt imal for any realizat ion
of the concept c # V .

We ask queries from query class Q to reÞne knowledge
of c to a point where minimax regret MMR(V ) is re-
duced to some acceptable tolerance ! (possibly zero).
Our goal is very di! erent from that of classical concept
learning. We aim not to learn the concept c itself, but
simply learn enough about it to make a good decision.
The reward model and feasibility const raints on X of-
ten allow us to make opt imal recommendat ions with
relat ively weak concept knowledge.

3Allowing multivalued concepts is straightforward.
4Other query types (e.g., equivalence queries) are less

natural in this domain, but may play a role in others.
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We can characterize the minimax opt imal solut ion in
terms of the st ructure of the version space. We use
the standard general-speciÞc version space lat t ice [18]:
concept c is at least as general as c′ (c % c′) i! c′ ! c
(we treat a concept c and its extension on X indist in-
guishable where no confusion arises). For any concept
c, let X c = X & c be the set of feasible outcomes sat -
isfying c. DeÞne the best outcome satisfying c:

x∗c = arg max
x∈X c

r(x); and r∗c = max
x∈X c

r(x).

Clearly r∗c % r∗c′ if c % c′. The measure r∗c induces a
natural ordering %r on V that respects the general-
speciÞc ordering:

Obser vat ion 1 If c % c′ then r∗c % r∗c′ .

We say c∗ # V is reward optimal i! r∗c∗ % r∗c , ' c # V .
DeÞne X + ! X to be the set of conÞgurat ions with
highest reward (independent of V ) and r+ = r(X + ).
Finally, let r1 > r2 . . . > rm be an ordering of the
m (dist inct ) values in { r∗c : c # V } . DeÞne Ci =
{ c # V : r∗c = ri} and Si = &Ci; i.e., Si is the set of
conÞgurat ions in the intersect ion of all concepts in V
with the ith-largest r∗ value (Si may be empty).

Let MMR(V ) be the current minimax regret level, x∗V
a minimax opt imal solut ion, xw the adversarial wit -
ness outcome, and cw the witness concept . Intuit ively,
minimax regret can be viewed as a game between a
player choosing x∗ and an adversary choosing xw and
cw. It isnot hard to see that if x∗ isnot consistent with
V (i.e., x (# c for all c # V ), then x∗ # X+ . So rest rict
at tent ion to V -consistent conÞgurat ions. Suppose the
player chooses some V -consistent x∗. If x∗ (# S1, the
adversary can choose a cw # C1 that excludes x∗ and
xw = x∗cw

, thus maximizing regret by taking a highly
rewarding conÞgurat ion, obtaining thebonus, and pre-
vent ing the player from get t ing the bonus.

Regret will be st rict ly lower if the player chooses
x∗ # S1 itself: for the adversary to get the bonus
and prevent the player from get t ing it , it must choose
a concept outside C1 (hence a less rewarding xw).
The player can further limit the adversary by ensur-
ing x∗ # S2 (forcing the adversary to move to C3 if it
wants to get the bonus while the player does not). Of
course, this comes at a price: the player gets a lower
reward by moving to an x∗ # S1 & S2 (if indeed this
set is nonempty); in the game, this sacriÞce is t raded
o! against the beneÞt of further rest rict ing the adver-
sary. This informal line of reasoning can be formalized
to prove:

Pr oposi t ion 1 If x∗V is not consistent with V , then
x∗V # X+ (and all x # X+ have identical max regret).

Pr oposi t ion 2 If x∗V (# X+ , then: (a) x∗V is consis-
tent with V ; (b) x∗V # argmax{ r(x) : x # S1 & . . .&Si}
for some i % 1; and (c) either cw # C1, or cw # Ci+ 1.

We also have:

Obser vat ion 2 x∗V # cw only if xw # cw.

Obser vat ion 3 If r∗c∗ ) r+ $ p, then MMR(V ) = 0
and x∗ = xw = x+ .

Thus if we have reduced V so that no V -consistent
x # X has reward within p of r+ , then the (t rue)
opt imal choice does not sat isfy the target concept .

3.3. Comput ing R egr et : Conjunct ive Concept s

We assume that the underlying conÞgurat ion problem
is represented as a MIP maxx∈X r(x). When subjec-
t ive feature uncertainty exists, minimax regret com-
putat ion can often be direct ly incorporated into the
MIP for part icular concept and query classes. We il-
lust rate this in the case of (nonmonotone) conjunct ive
concepts with membership queries.

Assume target c is a conjunct ion of literals over vari-
ables Xj . Memberships queries ask whether x # c for
a part icular conÞgurat ion. Let E+ be the set of pos-
it ive examples, E− the set of negat ive examples, and
(nonempty) V the induced version space. Instead of
represent ing V using most general and most speciÞc
concepts, we encode E+ and E− direct ly in our MIP
below (see, e.g., Hirsch [15] who uses negat ive exam-
ples to represent most general concepts).

Const r aint Gener at ion: We formulate the mini-
max problem Eq. 2 as a minimizat ion with O(|V |)
const raints. Let xc = argmaxx∈X u(x ; c) and con-
stant p(x , c) = p if c(x) and 0 otherwise. Let indicator
variable Ic, for each c # V , denote that conÞgurat ion
(X1, ááá, Xn) sat isÞes c; and write xj # c (xj # c) to
denote that variable Xj occurs posit ively (negat ively)
in c. Then MMR(V ) is:

min !
s.t. ! ! r (xc)" r (X 1, áááX n )+p(xc , c)" pI c #c$ V (4)

I c % X j #c $ V, #xj $ c (5)

I c % 1 " X j #c $ V, #xj $ c (6)

For any fixed concept c, the adversary maximizes
the regret of (X1, ááá, Xn) with witness x c. The MIP
above chooses a conÞgurat ion that minimizes against
the Òworst -caseÓchoice of the adversary (with (4) en-
suring MMR is as great as regret given any c # V ;
and (5, 6) encoding whether (X1, ááá, Xn) sat isÞes c).
Regret const raints for most c # V will be inact ive,
so we use const raint generat ion to search through the
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space of adversarial concepts.5 Let Gen ! V ; we solve
a relaxed MIP using only c # Gen. Let " ∗ and x∗

be the solut ion to the relaxed MIP. We test for vio-
lated const raints by solving the max regret problem
MR(x∗, V ), detailed below. If MR(x∗, V ) > " ∗, con-
cept c′ (produced as a witness in MR computat ion)
o! ers larger regret for x∗ than any c # Gen. So we
add c′ to Gen and resolve. If MR(x∗, V ) = " ∗, x∗ is
the opt imal solut ion to MMR(V ).

Gener at ing V iolat ed Const r aint s: We can com-
pute the maximally violated const raint for MMR com-
putat ion above by solving the max regret problem
MR(x , V ) for the current relaxed solut ion x∗. This
too can be formulated as a MIP. For each conÞgura-
t ion variable Xj , let binary indicator variables I(xj)
(resp. I(xj)) denote that Xj isposit ive (resp. negat ive)
in concept c. We also int roduce binary variables Bx

and Bw indicat ing that x and the witness allocat ion
sat isfy the chosen concept . Using x[j] to denote the
jth literal of x , this MIP gives MR(x ; V ):

max r (X 1, ááá, X n ) " r (x) + pB w " pB x

s.t. B w + I (xj ) % X j + 1.5 #j % n (7)

B w + I (xj ) % (1 " X j ) + 1.5 #j % n (8)

B x ! 1 "
X

j :x [j ] positive

I (xj ) "
X

j :x [j ] negative

I (xj ) (9)

X
j

I (Ây[j ]) = 0 #y $ E + (10)

X
j

I (Ây[j ]) ! 1 #y $ E− (11)

(X 1, ááá, X n ) $ X (12)

Apart from the binary indicator variables
Bw, Bx, I(xj), I(xj) described above, we have
conÞgurat ion variables Xj . (12) ensures that the
conÞgurat ion is feasible, and notat ion r(X1, ááá, Xn)
loosely denotes the reward of any conÞgurat ion (which
is encoded using a linear parameterizat ion of ut ility).
(7) and (8) ensure that the adversary does not get
the concept bonus p (i.e., cannot set Bw = 1) unless
(X1, ááá, Xn) sat isÞes the concept dictated by the
I-variables. Similarly, (9) ensures that the input
conÞgurat ion x cannot be denied the bonus (i.e., the
adversary cannot set Bx = 0) unless x violates at
least one conjunct in the chosen concept . Finally, (10,
11) rest rict the conjunct ive concept to be consistent
with all posit ive and negat ive examples.6

5V is exponential in |X | with conjunctive concepts; con-
straint generation is even more important in other hypoth-
esis spaces, since they can have doubly exponential size.

6The version space for conjunctions of literals can, of
course, be encoded more succinctly, i.e., without con-
straints for each example.

3.4. Quer y St r at egies

Wenow consider several heurist ic query st rategies that
can quickly reduce MMR(V ). We focus on member-
ship queries, since these are most natural in prefer-
ence assessment . Query st rategies from concept learn-
ing can be used direct ly to reÞne feature uncertainty.
However, the mot ivat ion for many query st rategies is
very dependent on the learning model in quest ion. For
instance, the mistake-bound model [1] provides st rate-
gies for certain hypothesisclasses, such asconjunct ions
of literals, which o! er a polynomial mistake bound.
However, these minimize mistakes in predict ion, not
queries: even a mistake-free predict ion requires user
concept feedback. Our desire to provide worst -case
guarantees on performance without dist ribut ional in-
format ion over potent ial user-deÞned features prevents
us from adopt ing a PAC-model [12]. The most natural
connect ion to our model is with work on exact concept
learning that at tempts to minimize queries [14]. How-
ever, results for these models tend to be rather weak.
For instance, conjunct ive concepts cannot be learned
without exponent ially many membership queries in
the worst case [14].

A halving st rategy can beadapted to our ut ility-based,
choice-oriented concept learning model: we ask ran-
dom memberships queries unt il a posit ive example is
found (in the mistake-bound model negat ive predic-
t ions would be used); then queries are asked by negat-
ing literals one by one in the (unique) most speciÞc
conjunct ive hypothesis. Once a posit ive example is
found, this converges to the t rue conjunct ive concept
using a number of queries linear in |X |. We need not
ident ify the concept exact ly however; we terminate
once minimax regret reaches an acceptable level. We
call this the halving strategy. Despite its exponent ial
worst -case for exact concept learning, the requirement
to simply reduce regret should give rise to bet ter per-
formance in our model.

One problem with halving is its lack of regard for re-
ward or conÞgurat ion feasibility: it wastes e! ort learn-
ing about parts of a concept deÞnit ion that are ir-
relevant to making a good Òchoice.Ó So we consider
an alternat ive heurist ic based on using informat ion in
the current solut ion: either the minimax opt imal x∗V
or the witness xw [4]. Intuit ively, our best hope for
(immediate) reduct ion in regret is to change the ver-
sion space so that the status of at least one of x∗ or
xw changes w.r.t . V . We deÞne the current solution
strategy (CSS) by considering three dist inct cases for
suggest ing membership queries.

First consider the case where x∗, xw # cw: we know
cw # C1 must be reward-opt imal and xw must be a
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V -consistent conÞgurat ion with greatest reward. CSS
asks a membership query xw (does xw sat isfy the con-
cept ), which has great potent ial value: if the answer is
posit ive, then weknow xw is, in fact , opt imal whatever
the concept (and we reduce MMR(V ) to zero); and if
the answer is negat ive, we rule out a reward-opt imal
concept cw from the version space, potent ially reduc-
ing minimax regret , and st rict ly reducing max regret
(ignoring t ies in reward) for all x (# cw. (Asking a
membership query x∗ has less impact in this case).

Second suppose x∗ (# cw, xw # cw: we either have
x∗ # X + , in which case cw # C1; or x∗ isV -consistent ,
in which case cw # Ci+ 1 (where x∗ is chosen from
S1 & . . . & Si). In this case, CSS asks a membership
query x∗. A posit ive response reduces pairwise max
regret between x∗ and xw (and hence often reduces
MMR(V )). A negat ive response does not reduce pair-
wise regret , but it rules out all concepts from the ver-
sion space that include x∗ and all concepts more gen-
eral (if any) than cw, giving us addit ional ßexibility in
the choice of allocat ion without losing value.

Finally, suppose x∗, xw (# cw (recall, we cannot have
x∗ # cw, xw (# cw). If xw is not V -consistent , we know
xw # X + , so CSS asks a membership query x∗ (the
rat ionale is as in case 2 above). If xw is V -consistent ,
then xw (# cw only if xw # c implies x∗ # c, for all
c # V (in which case, choosing a concept that sat isÞes
xw has no impact on MMR(V )). In this case, CSS
asks a membership query xw (as in case 1 above).7

4. Empir ical Evaluat ion

We experimented with the two heurist ic st rategies,
Halving and CSS, as well as Random, which asks
random membership queries. ConÞgurat ion problems
with 30 Boolean variables were generated, each with
random binary const raints to reßect the realist ic as-
sumpt ion that the space of feasible products is rela-
t ively sparse (each const raint rules out (on average)
half of the conÞgurat ions). Rewards were generated
using a linear ut ility funct ion: each variable Xi was
randomly assigned a reward ri * U [0, 10] and a par-
ity (if posit ive, xi gets reward ri and xi reward 0; if
negat ive, the opposite). Reward r(x) is the sum of the
variable rewards. The bonus p for concept sat isfac-
t ion was Þxed at a certain percentage of the maximum
reward. Conjunct ive concepts were randomly drawn
from a pool of ten variables, with each variable (inde-
pendent ly) occurring in the concept posit ively (proba-
bility 0.25), negat ively (0.25), or not at all (0.50). Min-

7If CSS recommends x∗ or xw when membership (or
nonmembership) is logically certain given V , the other
query is asked. (Both can’t be certain unless MMR is 0.)
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Figure 1. Max regret vs. number of queries (20 constraints,
p = 25%), 50 runs

.
imax regret computat ion was reasonably fast (under 1
sec. using CPLEX 11 on a quad-core Intel machine).

We Þrst illust rate the performance of our three main
st rategiesusing sometypical parameter set t ings: 20 bi-
nary const raints and a bonus p set at 25% of the max-
imum reward value. Fig. 1 shows reduct ion in MMR
as a funct ion of the number of membership queries by
each st rategy. The performance of CSS is considerably
bet ter than that of Halving. Key to the performance
di! erence is the ability to exploit the current solut ion
to ident ify which concepts have the greatest impact on
performance given feasibility rest rict ions and reward
values (in part icular, r∗ values).

The relat ive density of feasible conÞgurat ion space has
a signiÞcant impact on the relat ive performance of
Halving versus CSS. Intuit ively, with a sparser solu-
t ion space, fewer conÞgurat ions sat isfy a given concept
c (hence reducing r∗c ), and the value of considering
most concepts is diminished. In such a case, CSS has
an advantage over Halving. Conversely, with dense
solut ion spaces, narrowing down the version space to
get close to full concept ident iÞcat ion becomes more
important , making Halving potent ially more at t rac-
t ive. Fig. 2 shows the number of membership queries
needed to reduce minimax regret to 80% of its original
level (prior to any queries) while varying the number
of binary const raints. More const raints give a sparser
solut ion space; and with 20 (or more) const raints, CSS
has a signiÞcant advantage.

Similarly, the relat ive magnitude of the feature bonus
p to overall reward can have a dramat ic impact on
the number of required queries and the need to nar-
row down the feature deÞnit ion more or less precisely.
Intuit ively, when p is relat ively small, it has a rela-
t ively small impact on ut ility and far fewer queries
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Figure 2. Sensitivity to number of binary constraints;
bonus p = 25%, 50 runs.
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Figure 3. Sensitivity to value of bonus p (20 random con-
straints), 50 runs.

will be needed to reduce regret to zero (since even a
loose feature deÞnit ion will lead to lit t le error). As the
magnitude of the bonus increases, a greater need for
more precise concept const raints will emerge. Fig. 3
shows this e! ect . We show the number of membership
queries needed to reduce minimax regret to 80% of its
original level (prior to any queries), varying the rela-
t ive size of the bonus from 5% to 50% of r+ . While
an average of roughly Þve queries su" ce for the CSS
strategy at p = 5%, about 25 queries are needed at
p = 50%. By way of cont rast , Halving needs signiÞ-
cant ly more queries (from nearly 30 to over 60).

Finally, in certain elicitat ion set t ings, it is reasonable
to assume that a user can provide a posit ive concept
example (e.g., a ÒsafeÓcar conÞgurat ion). In the ex-
act learning model, conjunct ive concept ident iÞcat ion
is hampered by a potent ially exponent ial number of
membership queries with negat ive responses. Once a
posit ive response is obtained, halving can be ut ilized.
Fig. 4 shows a comparison of Halving in which an ini-
t ial posit ive instance is assumed, with Halving (no ini-
t ial seed) and CSS (with init ial seed). We plot regret
reduct ion as a funct ion of the number of queries. The
availability of a posit ive seed has a st rong impact on
regret , reducing the init ial minimax regret to 15 from
over 35. Halving is able to reduce regret to 0 in just 10
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Figure 4. Max regret vs. number of queries with/without
an initial positive seed (25 constraints, p = 25%), 50 runs.

queries (cf. no init ial seed, where it needs 100 queries
to get to regret 5). The CSS strategy, dominant in
the set t ing without seeding, st ill compares favorably
to Halving if a posit ive example is available.

Overall, these results suggest minimax regret has great
value as a solut ion concept for handling feature uncer-
tainty, and can great ly reduce the number of queries
needed to make a good decision relat ive to exact con-
cept ident iÞcat ion. In our set t ing, asymptot ic perfor-
mance takes a back seat to pract ical performance. Re-
ducing the number of queries one asks of a user from,
say, 30 to 20, can havea huge impact on theacceptance
of a decision support system. Our framework allows
one to make robust decisions with limited informat ion.

5. Concluding Remarks

We have presented a model of subject ive feature elic-
itat ion for use in preference elicitat ion. The use of
minimax regret allows us to focus user queries on those
aspects of a feature or concept that have the greatest
impact on decision quality, thus reducing the e! ort re-
quired to learn the relevant parts of a concept .

R elat ed W or k Our work hasconnect ions to work in
concept learning and act ive learning. Our model dif-
fers from the mistake-bound model in our need to min-
imize queries (not predict ion error), while the PAC-
model emphasis on probabilist ic correctness w.r.t . a
Þxed data dist ribut ion renders it inapplicable to our
set t ing.8 Exact query learning [14] bears the closest

8Another difference is in the emphasis on computational
tractability: we generally deal with underlying optimiza-
tion problems, like configuration, that are inherently NP-
hard. While the computation methods in this paper are
very fast (all queries generated in well under a second),
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link to our model; but ours di! ers from all concept
models in theaim to learn just enough about a concept
to make a good decision, not the ent ire concept . How-
ever, query st rategies from these models (like halving)
can be adapted to the regret set t ing as we have seen.
Connect ions between concept learning and preference
elicitat ion have been explored by [2], who deal with
exact learning of a combinatorial valuat ion funct ion.
While their focus is on exact learning di! ers from ours,
their valuat ion model should lend itself to approxima-
t ion and regret analysis.

Our work can also be viewed as a form of act ive learn-
ing [8, 9, 11]. Indeed, the focus on regret reduct ion
(and terminat ion when regret reaches some ! ) is a
non-Bayesian analog of the value of informat ion cri-
terion that underlies much work on act ive learning.
We assume a realizable set t ing in this work, and our
membership query select ion technique falls within the
framework of [8] (we only query points on which two
c # V disagree). While most techniques from act ive
learning rely on probabilist ic data models [9, 11], there
is certainly potent ial to adapt act ive query st rategies
to our set t ing (where the data is not drawn randomly,
but the set X is implicit ly available). The key will be
to bias queries in a way that accounts for the contribu-
t ion of the reward funct ion to error (minimax regret ).

Joint Pr efer ence and Feat ur e El ici t at ion Space
precludes a full discussion, but the MIP approach
above can be generalized to account for simultaneous
uncertainty in both feature deÞnit ion and ut ility (i.e.,
reward funct ion and bonus p). We assume general lin-
ear const raints relat ing the ut ility of two outcomes
(e.g., a user comparison of two products will tell us
that the ut ility of one is greater than the other). A key
complicat ion, compared to standard elicitat ion models
[4], is that we do not simply get linear const raints on
ut ility parameters w. We must encode a set of Òcondi-
t ional const raintsÓthat relate the di! erence in reward
between the two products to whether either or both
sat isfy the unknown concept . These can be linearized
and encoded in single MIP. We defer a full invest iga-
t ion to future work.

Fut ur e D ir ect ions A number of important direc-
t ions for future research remain. Among these are ex-
ploring whether exist ing act ive learning models and
query st rategies can be adapted to our choice-based,
regret model. We are current ly invest igat ing new
query types and pract ical models for richer hypoth-
esis spaces. Generalizing the form of catalog and sub-
ject ive features to real-valued domains is of interest ,

our primary concern is minimizing user burden.

as is invest igat ion of the conceptually st raight forward
extension to discrete, non-Boolean features. Finally,
extending our approach to non-addit ive ut ility mod-
els (e.g., adapt ing techniques for GAI models [6]) is
essent ial.
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